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Objectives

▶ Pricing options in scenarios where the underlying stock values exhibit discontinuities.
▶ Our focus is on options involving a large number of underlying assets.
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Merton Model

We assume d correlated stocks with values modelled by the stochastic processes

S
(i)
t = S

(i)
0 exp

(
µit+ σiW

(i)
t +

Nt∑
k=1

Z
(i)
k

)
, t ∈ T = [0, T ], i = 1, . . . , d

W
(i)
t : Brownian motions

Z
(i)
k : Normal random variables

Nt : Poisson process

Corr[W (i)
t ,W

(j)
t ] = ρij ∈ [−1, 1], Corr[Z(i)

k , Z
(j)
k ] = ρJij ∈ [−1, 1]
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European basket call option

Payoff function

▶ {αi}i=1,...,d : weights on underlyings (
∑

i αi = 1)
▶ K : the strike price

Payoff(S) =
( d∑

i=1

αiSi −K

)+

Moneynesses : xi = Si/K

Payoff(x) =
( d∑

i=1

αixi − 1

)+
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PIDE : Partial Integro-differential Equation

Arbitrage-free price

EQ[e−rtPayoff(St)|S0], where t expresses the time of maturity.

Partial Integro-differential Equation

Using FTAP and Feynman-Kac the option price is provided by:

∂tu(t, x) +Au(t, x) = 0, t > 0, x ∈ [0,∞)d

u(0, x) = u0(x) = Payoff(x), x ∈ [0,∞)d

▶ A : PIDE operator

Au = −
d∑

i,j=1

aij(x)
∂2u

∂xi∂xj
+

d∑
i=1

bi(x)
∂u

∂xi
+ ru− Iν [u]

where aij(x) = aji(x), i, j = 1, . . . , d and Iν [u] =
∫
Rd [u(t, xe

z)− u(t, x)]ν(dz).

5 / 23



Operator Splitting

Au = −
d∑

i,j=1

aij(x)
∂2u

∂xi∂xj
+

d∑
i=1

bi(x)
∂u

∂xi
+ ru− Iν [u], Iν [u] =

∫
Rd

[u(t, xez)− u(t, x)]ν(dz)

We rewrite the operator as follows

Au = −
d∑

j=1

∂

∂xj

( d∑
i=1

aij(x)
∂u

∂xi

)
+

d∑
i=1

(
bi(x) +

d∑
j=1

∂

∂xj
aij(x)

)
∂u

∂xi
+ ru− Iν [u]

Au = Lu+ f [u]

Lu = −
d∑

j=1

∂

∂xj

( d∑
i=1

aij(x)
∂u

∂xi

)
+ ru (symmetric)

f [u] =

d∑
i=1

(
bi(x) +

d∑
j=1

∂

∂xj
aij(x)

)
∂u

∂xi
− Iν [u] (remainder)

6 / 23



Deep Implicit–Explicit Minimizing Movement Method

Suppose we would like to estimate the solution of the following equation:

∂tu(t, x) + Lu(t, x) + f [u(t, x)] = 0, x ∈ [0, xmax]
d = Ω, t ∈ [0, T ]

u(0, x) = Payoff(x)

We consider a time subdivision of the time interval [0, T ]

τ = T/n, tk = kτ, k = 0, . . . , n

uk(x)
.
= u(tk, x)

Implicit–Explicit BDF-p

βpu
k −

∑p−1
j=0 βju

k−j−1

τ
+ Luk +

p−1∑
j=0

γjf [u
k−j−1] = 0
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Deep Implicit–Explicit Minimizing Movement Method

Implicit–Explicit BDF-p

▶ Approximate u1, u2, . . . , up using the implicit-explicit Euler method

βpu−
p−1∑
j=0

βju
k−j−1 + τLu+ τ

p−1∑
j=0

γjf [u
k−j−1] = 0, k ≥ p

Minimization Problem : uk−p, . . . , uk−1 → uk

L =
1

2

(
βpu−

p−1∑
j=0

βju
k−j−1

)2

+ τE [u] + τ

p−1∑
j=0

γjf [u
k−j−1]u

Dirichlet energy functional : E [u] = 1

2

( d∑
i,j=1

aij(x)
∂u

∂xi

∂u

∂xj
+ ru2

)

C[u] .
=

1

2

∥∥∥∥βpu−
p−1∑
j=0

βju
k−j−1

∥∥∥∥2

L2(Ω)

+ τ

∫
Ω

E [u]dx+ τ

∫
Ω

p−1∑
j=0

γjf [u
k−j−1]u dx→ min
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Deep Implicit–Explicit Minimizing Movement Method

ANN Representation

We approximate the solution at the step tk by a ANN with parameters θk.

uk(x) ≈ Uk(x; θk)

H. Georgoulis, M. Loulakis, and A. Tsiourvas (2023).

Discretized Cost Functional

Ck(θ) :=
(xmax)

d

N

N∑
i=1

{
1

2

[
βpU

k(xi; θ)−
p−1∑
j=0

βjU
j(k)(xi; θj(k))

]2
+ τE [Uk(xi; θ)] + τ

p−1∑
j=0

γjf [U
j(k)(xi; θj(k))]U j(k)(xi; θ)

}
where j(k) = k − j − 1

Optimization step : θk ← minθ Ck(θ)
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Modelling : Domain Truncation

y := q(x)x, q(x) =


xmax/max{xi}, if max{xi} ≥ max

(∑d
i=1 αixi, xr

)
xmax/xr

xr/max
(∑d

i=1 αixi, xr

)
, otherwise.

x ∈ Rd
+ → y ∈ R ∪ ∂R→ Uk(y; θk)→ Uk(x; θk)

Uk(x; θk) ≈ Uk(y; θk) +
d∑

i=1

αi(xi − yi)
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Modelling : Decomposition of the solution in R∪ ∂R

(Approximation of the solution at time tk) = (Lower Bound at time tk) + (positive function)
Uk(y; θk) = ṽ(tk, y) + wk(y; θk), y ∈ R ∪ ∂R

Lower bound v(t, x)

v(t, x) = Payoff(x) + (1− e−rt)H(
d∑

i=1

αixi − e−rt)

Smooth approximation ṽ(t, x; η)

ṽ(t, x; η) = Payoff(x) + (1− e−rt)Sig(
d∑

i=1

αixi − e−rt; η), Sig(x; η) = (1 + e−ηx)−1, η > 0

lim
η→∞

ṽ(t, x; η) = v(t, x)
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Modelling : ANN
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Modelling : ANN

DGM Layer
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Application

Ck(θ) :=
(xmax)

d

N

N∑
i=1

{
1

2

[
βpU

k(xi; θ)−
p−1∑
j=0

βjU
j(k)(xi; θj(k))

]2
+ τE [Uk(xi; θ)] + τ

p−1∑
j=0

γjf [U
j(k)(xi; θj(k))]U j(k)(xi; θ)

}

E [u] = 1

2

( d∑
i,j=1

aij(x)
∂u

∂xi

∂u

∂xj
+ ru2

)
, f [u] =

d∑
i=1

(
bi(x) +

d∑
j=1

∂

∂xj
aij(x)

)
∂u

∂xi
− Iν [u]

Merton model

aij(x) =
1

2
σiρijσjxixj , bi(x) = [−r + 1

2
σ2
i − λ exp(µJi +

1

2
σ2
Ji)− λ]xi

Iν [u] = λ

∫
Rd

(u(t, xez)− u(t, x))p(z)dz, p(z) : multivariate normal pdf

σi = 0.5, ρij = δij + 0.5(1− δij), i, j = 1, . . . , d, r = 0.05 (diffusion parameters)

λ = 1, µJi = 0, σJi = 0.5, ρJij = δij + 0.2(1− δij), i, j = 1, . . . , d (jump parameters)
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Application

d∑
j=1

γjIν [U
j(k)(x; θj(k))], Iν [U

j(k)(x; θj(k))] = λ

∫
Rd

(U j(k)(xez; θj(k))− U j(k)(x; θj(k)))p(z)dz

Gauss-Hermite quadrature

In Merton model, the integral is simply the expected value of the function
hj(k)(x, z) = U j(k)(xez)− U j(k)(x) multiplied by the Poisson parameter λ.

▶ Singular Value Decomposition (SVD) of ΣJ

ΣJ = UΛUT = UΛ1/2Λ1/2UT = V V T ,

where V = UΛ1/2.
▶ change of variable Z − µ =

√
2V Y

Iν [U
j(k)(xi)] = λ

∫
Rd

hj(k)(xi, z)p(z)dz = λπ−d/2

∫
Rd

exp(yT y)hj(k)(xi, µ+
√
2V y)dy

≈ λπ−d/2
∑
r∈Θp

hj(k)(xi, µ+
√
2V yr)W r,
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Application

d∑
j=1

γjIν [U
j(k)(x; θj(k))], Iν [U

j(k)(x; θj(k))] = λ

∫
Rd

(U j(k)(xez; θj(k))− U j(k)(x; θj(k)))p(z)dz

Unbiased estimator of the integral operator

min
ϕ∈Φ

E
[
Ik(x;ϕ)−

p−1∑
j=1

γjIν [U
j(k)(x; θj(k))]

]2

Additional term in the cost functional
Optimizer : (θk, ϕk)

(xmax)
d

N

N∑
i=1

[
Ik(xi;ϕ)− λ

M

M∑
r=1

p−1∑
j=1

γjh
j(k)(xi, zr)

]2

where {zr}Mr=1 are sampled from p(z).
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Application

Gauss Hermite Quadrature vs ANN Integration
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Application

5 assets – 12 months – BDF-2 – Gauss Hermite Quadrature
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Application

5 assets – 12 months –BDF-2 – ANN Integration
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Application

15 assets – 9 months – BDF-2 – ANN Integration

20 / 23



Conclutions and Future work

▶ We proposed a new deep implicit–explicit minimizing movement method for option pricing.
▶ Our method is capable of accurately approximating the solutions of the partial
integro-differential equations (PIDEs) that arise in European basket call options.

▶ To evaluate the effectiveness of our method, we compared its results with those obtained using
Monte-Carlo simulations.

▶ We are working on the multivariate variance Gamma model (infinite jump activity) and
introducing an improved truncation approach.
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